INTRODUCTION
For the last few years the oscillation and nonoscillation of solutions of delay difference equations are being extensively investigated [2] [3] [4] [5] [6] [7] [8] [9] [10] . In particular, the oscillations of the solutions of the neutral difference equation
A(x,-cx,-,)+pnXn-~=O, c,p,bO (1.1) have been investigated in [3, 9] , where A denotes the forward difference operator Ax,, = x, + , -x,, . Equation ( 1.1) was first considered by Brayron and Willoughby [ 1 ] from the numerical analysis point of view. We let M=max{m, k}, where m and k are nonnegative integers.
Then by a solution of Eq. (1.1) we mean a sequence {x,} which is defined for n 3 -M and which satisfies Eq. (1.1) for n = 0, 1, . . . . Clearly, if
x,,=A, for n = -M, . . . . -1, 0 (1.2) are given, then Eq. (1.1) has a unique solution satisfying the initial conditions (1.2). We assume throughout that P,~ cannot be eventually identically zero. A nontrivial solution {x,} of Eq. (1.1) is said to be oscillatory if for every N> 0 there exists an n > N such that x,x,,+, 60. Otherwise it is nonoscillatory. The oscillatory behavior of an ordinary differential equation and its discrete analogue can be quite different. For example, it is well known that every solution of the Logistic equation
is monotonic. But its discrete analogue
has a chaotic solution for some m. In this paper first we consider the existence of a positive solution of Eq. (1.1) with p, > 0 or p, 6 0. Then we discuss the second order neutral difference equation (1.4) where the pn are either of constant sign or are oscillatory. We obtain results both for oscillation and for nonoscillation. Some of the results are sharp.
FIRST ORDER EQUATION (1.1)
For Eq. (1.1) with 0 < c < 1 we obtained in [9] a sufficient condition for the existence of a positive solution. In this paper we are interested in establishing a condition for the existence of a decaying positive solution for Eq. (1 .l ). To that end our result is the following Consider the Banach Space 1: of all real sequences y = ( y,} where n 3 N with sup norm11 yll = sup,> N j y,,/. We deIine a subset S in I", as
We define a partial order on 1: in the usual way. That is, -x, YEIN,, x < y means that X, < y,, for n 3 N.
We will avoid introducing equivalence classes in 1:. Thus, if for any .x9 YEI:, x,,=y, for all n 9 1 we will consider such sequences to be the same. Then for every subset A of S both inf A and sup A exist in S. Now we define an operator T: S + is. For has a solution x, = ( -1)" (l/n) which is oscillatory. We shall prove that Eq. (2.6) always has a nonoscillatory solution. for n > N,. We note that, in view of (2.9) and (2.10), such an integer N, does exist. By (2.11) and (2.12) we have 0 6 Ty, < 1, for n 2 N, which implies that TS c S. For any y, y* E S we obtain from which it follows that II~Y--Y*~~=~~P I~~,,-~~,*ld~Il~-r*ll. Thus T is a contraction on S. Consequently there is an element y E S such that Ty =y. Thus
It is obvious that y, > 0 for n > N. Now we set x,=y,z,>o.
From (2.13) we have
(2.14) I= N, Hence 4% -cx,-,I =pnxn-m, which shows that {x,} is a positive solution of (2.6). Which completes the proof.
Remark 2.2. The conclusion of Theorem 2.2 was unknown even for the constant coefficient case [3] .
From the expression (2.14) describing the solution of (2.6) we can obtain more information about the solutions of (2.6). (v) rf0 < c < 1 and C,"_,,p, = co then every bounded solution qf (2.6) is either oscillatory or it tends to zero as n + a3.
Proof
In fact from (2.14) we have from which (i) and (ii) follow, and (iii) follows from
The assertion (iv) follows from (2.14) directly. In order to prove (v) we let Let {xn} be a bounded positive solution of (2.6). Then AZ, > 0 where Z, = x,, -cx, ~ m. If z, > 0, then the boundedness implies that lim, _ Z z, = I> 0. In which case x, 3 z, > l/2 > 0 for all sufficiently large n. From (2.6) we have which is a contradiction. If z,, < 0 then lim,, o. z, = /I < 0, we also have that x,5= ,20 p, xi k < CD, which implies that lim inf,, _ ,r X, = 0. We shall prove that lim sup,, _ % {x,:} such that We allow ?i + a then the right hand side of (4.4) tends to +a, a contradiction. Thus z, > 0 eventually, and hence which implies that x, 2 L?> 0, d is a constant. Thus from (3.1) we have A 2z, 3 dp,, . A(x,-~x,~I)= (n-l)n(n+l)(n+2) xnm2 (4. 7) which satisfies the assumptions of Theorem 4.2. Therefore every bounded solution of (4.7) is oscillatory. In fact, x,, = ( -1)" (l/n) is such a solution.
